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Abstract. Regions of transition systems provide a versatile and effec-
tive tool for the synthesis of Petri nets from behavioural specifications.
Intuitively, a region captures a single net place through essential be-
havioural characteristics as encoded in the transition system, including
marking information and its connectivity with all the transitions. One
of the key advances in the design of region based solutions for a variety
of synthesis problems has been the development of a general approach
for dealing with region based synthesis of Petri nets. It is founded on
so-called τ -nets and corresponding τ -regions.
In this paper, we discuss a region based synthesis procedure for affine
nets, a class of Petri nets, in which the number of tokens produced by
firing transitions depends linearly on the current marking. We then show
that the notion of a τ -region can be suitably adapted to fit the semantics
of affine nets.
Keywords: concurrency, theory of regions, transition system, synthesis
problem, Petri net, affine net, localities, locally maximal step semantics

1 Introduction

The intended or observed behaviour of a concurrent system may be captured
using a step transition system such as that depicted in Figure 1. It has six
different states, including the initial state init, and a number of directed arcs
labelled by multisets of executed actions representing possible transitions among
these states.

init

{u, u, u, u, z}

{t} {t}

{u} {u, u}{u, t}

{u, u, z}

Fig. 1. A step transition system which cannot be generated by a pt-net.
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Suppose that one would like to construct a Place/Transition net (pt-net)
net N with its concurrent reachability graph isomorphic to the step transition
system in Figure 1. Such an attempt would fail for the following reasons:

– The presence of an arc labelled by {u, t} necessarily implies the presence of
an arc outgoing from the same state labelled by {u}, and that is not true of
the step transition system in Figure 1.

– The effect of executing {t}{u, t}{u, u, z} and {t}{t}{u, u, u, u, z} should in
N be the same as both step sequences lead from the initial state to the
same state of the transition system. Hence, assuming that W is the weight
function of N , for every place p we would have:

3 · (W (u, p)−W (p, u)) + 2 · (W (t, p)−W (p, t)) + (W (z, p)−W (p, z)) =
4 · (W (u, p)−W (p, u)) + 2 · (W (t, p)−W (p, t)) + (W (z, p)−W (p, z)) .

As a result, W (u, p) = W (p, u) which means that executing u would not
change the marking of N , a contradiction with the fact that executing {u}

in the initial state leads to a different state.

The latter of the above two problems is related to the fact that arc weights in
pt-nets are constant and, as we demonstrated above, no net model with this
property can generate the step transition system in Figure 1. We therefore need
a more expressive model, and in this paper we show that a suitable formal model
for behavioural descriptions like that in Figure 1 are affine nets with localities
(al-nets). Affine nets [13] are an example of Petri net models where arc weights
depend linearly on the current marking. They are syntactically related to nets
with whole-place operations [1] (wpo-nets) and transfer/reset nets [10], but they
have a distinct execution semantics. In this paper, we extend the original model
of [13] with step sequence semantics and transition localities. The latter feature
supports the definition of the locally maximal execution semantics, allowing one
to model GALS (Globally Asynchronous Locally Synchronous) systems [8, 12].

Grouping net transitions in different localities and introducing execution se-
mantics that allows only the maximal multisets of enabled net transitions to ‘fire’
within a given locality will help us to address the first problem mentioned above.
Allowing the weights of connections between places and transitions depend on
the current marking will address the second problem.

The synthesis of an al-net from a transition system specification will be
based on the notion of a region of a transition system [11, 3, 2] suitably adapted
to al-nets, and the notion of locally maximal step semantics, a special kind of
step firing policy (see [7, 16]).

Synthesising systems from behavioural specifications is an attractive way of
constructing implementations which are correct-by-design and thus requiring no
costly validation efforts. The synthesis problem was solved for many specific
classes of nets, e.g., [18, 17, 4, 20, 5, 19]. Later, a general approach was developed
within the framework of τ -nets that take a net-type as a parameter [3]. In this
context, [7] introduced a general approach for dealing with step firing policies,
including the locally maximal execution semantics.
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In this paper, we focus on the problem of synthesising al-nets from be-
havioural specifications provided by step transition systems. A solution to the
synthesis problem for the wpo-nets was outlined in [14], and for wpo-nets with
localities in [15] and we use some of the ideas introduced there in the proposed
treatment of affine nets with localities.

The paper is organised as follows. The next section recalls some basic notions
concerning step transition systems and τ -nets. Section 3 introduces al-nets, and
Section 4 presents regions as an essential ingredient for a solution to the synthesis
problem for al-nets, treating them as a special kind of τ -nets.

2 Preliminaries

An abelian monoid is a set S with a commutative and associative binary opera-
tion +, and an identity element 0. The result of composing n copies of s ∈ S is
denoted by n · s, and so 0 = 0 · s. An example of an abelian monoid is the free
abelian monoid 〈T 〉 generated by a set T , the elements of which will represent
steps of nets with transition set T . 〈T 〉 can be seen as the set of all the multisets
over T , e.g., aab = aba = baa = {a, a, b}. We use α, β, γ, . . . to range over the
elements of 〈T 〉. For t ∈ T and α ∈ 〈T 〉, α(t) denotes the multiplicity of t in α,
and so α =

∑
t∈T α(t) · t. Then t ∈ α whenever α(t) > 0, and α < β whenever

α 6= β and α(t) ≤ β(t) for all t ∈ T .

Transition systems. A (deterministic) transition system 〈Q, S, δ〉 over an abelian
monoid S consists of a set of states Q and a partial transition function δ : Q×S →

Q such that δ(q,0) = q for all q ∈ Q. An initialised transition system 〈Q, S, δ, q0〉

is a transition system with an initial state q0 ∈ Q such that each state q ∈ Q

is reachable from the initial state, i.e., there are s1, . . . , sn and q1, . . . , qn = q

(n ≥ 0) with δ(qi−1, si) = qi, for 1 ≤ i ≤ n. For every state q, we denote by
enbTS (q) the set of all s which are enabled at q, i.e., δ(q, s) is defined. TS is
bounded if enbTS (q) is finite for every state q of TS . Moreover, such a TS is
finite if it has finitely many states. In diagrams, 0-labelled arcs are omitted.

Initialised transition systems T over free abelian monoids — called step tran-
sition systems or concurrent reachability graphs — represent behaviours of Petri
nets. Net-types are non-initialised transition systems τ over abelian monoids and
used to define various classes of nets.

Two step transition systems, T = 〈Q, 〈T 〉, δ, q0〉 and T
′ = 〈Q′, 〈T 〉, δ′, q′0〉,

are isomorphic if there is a bijection f with f(q0) = q′0 and

δ(q, α) = q′ ⇔ δ′(f(q), α) = f(q′), for all q, q′ ∈ Q and α ∈ 〈T 〉 .

Petri nets defined by net-types. A net-type τ = 〈Q, S, ∆〉 specifies the values
(markings) that can be stored in places (Q), the operations and tests (inscrip-
tions on the arcs) that a net transition may perform on these values (S), and the
enabling condition and the newly generated values for steps of transitions (∆).

A τ -net is a tuple N = 〈P, T, F,M0〉, where:
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– P and T are respectively disjoint sets of places and transitions;

– F : P × T → S is a flow mapping ; and

– M0 is an initial marking belonging to the set of markings, i.e., mappings
from P to Q.

For many classes of Petri nets, including the affine nets, Q is the set of natural
numbers N = {0, 1, 2, . . . } or its subset.

N is finite if both P and T are finite. For all p ∈ P and α ∈ 〈T 〉, we denote
F (p, α) =

∑
t∈T α(t) · F (p, t). Then a step α ∈ 〈T 〉 is enabled at a marking M

if, for every p ∈ P , F (p, α) ∈ enbτ (M(p)). We denote this by α ∈ enbN (M).
Firing such a step produces the marking M ′, for every p ∈ P defined by M ′(p) =
∆(M(p), F (p, α)). We denote this byM [α〉M ′. The concurrent reachability graph
CRG(N) of N is formed by firing inductively from M0 all possible enabled steps,
i.e., CRG(N) = 〈[M0〉, 〈T 〉, δ,M0〉 where

[M0〉 = {Mn | ∃α1, . . . , αn ∃M1, . . .Mn−1 ∀1 ≤ i ≤ n : Mi−1[αi〉Mi}

is the set of reachable markings, and δ(M,α) = M ′ iff M [α〉M ′.

3 Affine Nets with Localities

Assuming an ordering of places, markings can be represented as vectors, with
the i-th component of a vector x being denoted by x(i). For x = (x1, . . . , xn)
and y = (y1, . . . , yn), (x, 1) = (x1, . . . , xn, 1) and x⊗ y = x1 · y1 + · · ·+ xn · yn.
Moreover, ⊗ also denotes the multiplication of two-dimensional arrays.

Before introducing al-nets, we first give the definition of affine nets and their
step sequence semantics. An affine net (a-net), not yet considered as a τ -net, is
a tuple N = 〈P, T,W,m0〉, where:

– P = {p1, . . . , pn} is a finite set of implicitly ordered places;

– T is a finite set of transitions disjoint with P ;

– W is a weight function with domain (P × T ) ∪ (T × P ) such that, for all
p ∈ P and t ∈ T , W (p, t) ∈ N and W (t, p) ∈ N

n+1; and

– m0 is an initial marking belonging to the set Nn of markings.

It is convenient to specify the output weights using linear expressions involving
the pi’s. For example, if n = 3 then W (t, p3) = (2, 0, 1, 4) can be written down
as 2 · p1 + p3 + 4. In diagrams, arcs are annotated with their weights; arcs with
weight 0 are dropped; and annotations ’1’ are not explicitly shown. A place pj
(1 ≤ j ≤ n) is a whole-place if W (t, p)(j) > 0, for some p ∈ P and t ∈ T . In such
a case we also write pj  p.

For p ∈ P and α ∈ 〈T 〉, W (p, α) =
∑

t∈T α(t) · W (p, t) and W (α, p) =∑
t∈T α(t) ·W (t, p). Then α is enabled at a marking m if, for every p ∈ P ,

m(p) ≥ W (p, α) . (1)
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We denote this by α ∈ enbN (m). An enabled α can be fired leading to a new
marking such that, for every p ∈ P ,

m′(p) = m(p)−W (p, α) + (m− (W (p1, α), . . . ,W (pn, α)), 1)⊗W (α, p) . (2)

We denote this by m[α〉m′, and define the concurrent reachability graph
CRG(N) of N as one built by firing inductively from m0 all possible enabled
steps. Note that in (2), the number of tokes deposited in places depends linearly
on the marking of the net places after the tokens were removed from them by the
transitions of the step being executed. In contrast, in wpo-nets [1] the number of
deposited tokens is calculated on the basis of the marking before the execution
of the step (in addition, the number of tokens removed from the places also
depends on the current marking).

An affine net with localities (al-net) is a tuple N = 〈P, T,W,m0, ℓ〉 such
that 〈P, T,W,m0〉 is the underlying a-net, ℓ : T → N is the locality mapping of
N , and ℓ(T ) are the localities of N . In diagrams, nodes representing transitions
assigned the same locality are shaded in the same way, as illustrated in Figure 2
for transitions z and u.

al-nets are executed under the locally maximal rule. A step α ∈ 〈T 〉 is
resource enabled at a marking m if, for every p ∈ P , the inequality (1) is satisfied
(i.e., if α is enabled in the underlying a-net). A resource enabled step α is then
control enabled at m if there are no t ∈ T and u ∈ α (not necessarily different
from t) such that ℓ(t) = ℓ(u) and the step t + α is resource enabled at m. A
control enabled step α can be then fired leading to the marking m′, for every
p ∈ P given by the formula (2) (i.e., as in the underlying a-net). The concurrent
reachability graph CRG lmax (N) of N is then formed by firing inductively from
m0 all possible control enabled steps. The concurrent reachability graph of the
al-net in Figure 2 is isomorphic to the step transition system shown in Figure 1.

The concurrent reachability graph of an al-net can be finite even if the
concurrent reachability graph of the underlying a-net is infinite. For example,
the underlying a-net of the al-net in Figure 2 generates infinitely many step
sequences {t}{t}{z} . . . {t}{t}{z}︸ ︷︷ ︸

k times

, each of which leads to a different marking.

In general, execution semantics such as local maximal concurrency can be
formulated in terms of step firing policies (see [7]). A step firing policy is given by
a control disabled steps mapping cds : 2〈T 〉

→ 2〈T 〉\{0} that, for a set of resource
enabled steps at some reachable marking, returns the set of steps disabled by this
policy at that marking. For the locally maximal step firing policy this mapping
is given by:

cds lmax(X) = {α ∈ X \ {0} | ∃β ∈ X : ℓ(β) = ℓ(α) ∧ α < β} .

4 Synthesising affine nets with localities

We will now discuss how to construct an al-net with a concurrent reachability
graph that is isomorphic to a given step transition system T = 〈Q, 〈T 〉, δ, q0〉.
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p

tuz

2 ·p + 2

2

2

Fig. 2. An al-net generating the step transition system of Figure 1.

For this net synthesis problem, a general approach was developed for generically
defined τ -nets, each such class of nets being represented by its own net-type τ .
Note that a key aspect of any solution to a net synthesis problem is to discover
all the necessary net places from T and their connections with transitions of T
from τ .

4.1 Net-type for affine nets

al-nets employ arc weights that depend on the current marking of all places.
This may be too general, e.g., in the case of systems where places are distributed
among remote neighbourhoods and thus are not capable to exert direct influence
on each other. This can be captured by restricting the number of places which
can influence arc weights.

A k-restricted al-net (k-al-net, k ≥ 1) is a al-net N for which there is a
partition P1 ⊎ · · · ⊎Pr of the set of places such that each Pi comprises at most k
places and, for all p ∈ Pi and p′ ∈ Pj (i 6= j), we have p 6 p′. That is, there is
no exchange of current marking information between different clusters of places
Pi.

Although k-al-nets are not τ -nets in the sense of the original definition, they
still broadly speaking adhere to the ideas behind the definition of τ -nets. All we
need to do is to define a suitably extended net-type capturing the behaviour
of sets of clusters of places rather than the behaviour of single places. More
precisely, for each k ≥ 1, the k-affine-net-type is a transition system:

τkaff = 〈N
k,Nk

× (Nk+1)k, ∆k
aff 〉

where
∆k

aff : Nk
× (Nk

× (Nk+1)k) → N
k

is a partial function such that ∆k
aff (x, (X,Y )) is defined if x ≥ X and, if that is

the case,
∆k

aff (x, (X,Y )) = (x−X) + (x−X, 1)⊗ Y .

Note that here we treat tuples of vectors in (Nk+1)k as (k + 1)× k arrays.
A τkaff -net is a tuple N = 〈P, T, F,M0, ℓ〉, where:
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Fig. 3. A fragment of the infinite net-type τ
2

aff .

– P = {P1, . . . , Pr} is a set of disjoint sets of implicitly ordered places com-
prising exactly k places each;

– T is a set of transitions being different from the places in the sets of P;
– F : P × T → N

k
× (Nk+1)k is a flow mapping ;

– M0 is an initial marking belonging to the set ofmarkings defined as mappings
from P to N

k; and
– ℓ is a location mapping for the transitions in T .

For all Pi ∈ P and α ∈ 〈T 〉, we denote F (Pi, α) =
∑

t∈T α(t) · F (Pi, t). Then a
step α ∈ 〈T 〉 is resource enabled at a marking M if, for every Pi ∈ P, F (Pi, α) ∈
enbτk

aff
(M(Pi)). Such a step is then control enabled if

α ∈ enbN,cdslmax
(M) = enbN (M) \ cds lmax(enbN (M)) . (3)

Firing a control enabled step produces the markingM ′, for every Pi ∈ P, defined
byM ′(Pi) = ∆k

aff (M(Pi), F (Pi, α)). We denote this byM [α〉M ′, and then define
the concurrent reachability graph CRG lmax (N) ofN as the step transition system
formed by firing inductively from M0 all possible control enabled steps.

4.2 From transition systems to nets

First we need to express a k-al-net N = 〈P, T,W,m0, ℓ〉, with a set of places P =
{p1, . . . , pn} and clusters P1, . . . , Pr, as a τkaff -net with localities. Suppose that
each set Pi in the partition has exactly k places. (If any of the sets Pi has m < k

places, we can always add to it k −m fresh dummy empty places disconnected
from the original transitions and places.) We then define N ′ = 〈P, T, F,M0, ℓ〉

so that P = {P1, . . . , Pr} and, for all Pi ∈ P and t ∈ T :

– F (Pi, t) = (X,Y ), where X = (W (p1, t), . . . ,W (pn, t)) is a vector, and Y is
the array [W (t, p1), . . . ,W (t, pn)] (the W (t, pi)’s are column vectors), both
obtained by deleting the rows and/or columns corresponding to the places
in P \ Pi;
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– M0(Pi) is obtained from m0 by deleting the entries corresponding to the
places in P \ Pi.

It is straightforward to check that the concurrent reachability graphs of N and
N ′ are isomorphic (when we apply the cds lmax policy, or ignore it, in both nets).
Conversely, one can transform any τkaff -net with localities into an equivalent k-
al-net and, trivially, each al-net is a |P |-al-net. Hence k-al-net synthesis can
be reduced to the following two synthesis problems for τkaff -net with localities.

Problem 1 (feasibility) Let T = 〈Q, 〈T 〉, δ, q0〉 be a bounded step transition
system, k be a positive integer, and ℓ be a locality mapping for T .
Provide necessary and sufficient conditions for T to be realised by some τkaff -net
with the locality mapping ℓ, i.e., T is isomorphic with the concurrent reachability
graph of the net executed under the cds lmax policy defined by ℓ.

Problem 2 (effective construction) Let T = 〈Q, 〈T 〉, δ, q0〉 be a finite step
transition system, k be a positive integer, and ℓ be a locality mapping for T .
Decide whether there is a finite τkaff -net with the locality mapping ℓ realising T .
Moreover, if the answer is positive construct such a net.

To address Problem 1, we define a τkaff -region of T as a pair:

〈σ : Q → N
k, η : T → N

k
× (Nk+1)k〉 (4)

such that, for all q ∈ Q and α ∈ enbT (q),

η(α) ∈ enbτk

aff
(σ(q)) and ∆k

aff (σ(q), η(α)) = σ(δ(q, α)) ,

where η(α) =
∑

t∈T α(t) · η(t). Moreover, for every state q of Q, we denote by

enb
T ,τk

aff
(q) the set of all steps α such that η(α) ∈ enbτk

aff
(σ(q)), for all τkaff -

regions 〈σ, η〉 of T (intuitively, in this case α is region enabled).
In the context of the synthesis problem, a τkaff -region represents a cluster

of places whose local states (in τkaff ) are consistent with the global states (in

T ). Then, to deliver a realisation of T , one needs to find enough3 τkaff -regions

to construct a τkaff -net with localities realising T (under the cds lmax policy).

The need for the existence of such τkaff -regions is dictated by the following two
regional axioms:

Axiom 1 (state separation) For any pair of states q 6= r of T , there is a
τkaff -region 〈σ, η〉 of T such that σ(q) 6= σ(r).

Axiom 2 (forward closure) For every state q of T , enbT (q) = enb
T ,τk

aff
(q) \

cds lmax(enbT ,τk

aff
(q)).

3 We need here only a subset of all possible regions, called admissible regions in [9],
that act as ‘witnesses’ for the satisfaction of every instance of the regional axioms.
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The above axioms provide a full characterisation of realisable transition sys-
tems. The first axiom links the states of T with markings of the net to be
constructed, making sure that a difference between two states of T is reflected
in a different number of tokens held in the two markings of the net representing
the said states. The second axiom means that, for every state q and every step
α in 〈T 〉 \ enbT (q), we have that:

1. there is a τkaff -region 〈σ, η〉 of T such that η(α) /∈ enbτk

aff
(σ(q)) (the step α

is not region enabled), or
2. α ∈ cds lmax(enbT ,τk

aff
(q)) (the step α is not control enabled, meaning that it

is rejected by the cds lmax policy).

Note that when a τkaff -net with localities realises T , every cluster of places of the

net still determines a corresponding τkaff -region of the transition system, without
taking cds lmax into account.

For Problem 1, by suitably adapting the proofs developed in [15] for thewpo-
nets with localities, one can show that T can be realised by a τkaff -net (k ≥ 1)
executed under cds lmax iff Axioms 1 and 2 are satisfied.

To address Problem 2 using the feasibility result provided by the above state-
ment we need to find an effective representation of the τkaff -regions of T . Similarly
as in [14], one can define a system ST of equations and inequalities encoding the
conditions defining τkaff -regions. Then, all the non-negative integer solutions of

ST are in one-to-one correspondence with the τkaff -regions of T . Therefore, Ax-
ioms 1 and 2 can be checked using the solutions of ST .

In general, the (homogenous) system ST is quadratic. In practice, one might
often want to impose bounds on the allowed range of the whole-place coefficients
used in arc annotations. In such a case, Problem 2 has a solution since one can
replace ST by finitely many linear systems that can be dealt with using the
techniques developed for pt-nets that employ the results of [6]. One can also
consider modified versions of Problem 2, where there is no need to resort to
bounding the whole-place coefficients, and still obtain a solution, see, e.g., [14,
15].

5 Conclusions

In this paper, we extended the notions of τ -nets and τ -regions to the class of
affine nets. We also discussed how these two notions can be used to develop a
synthesis procedure for affine nets with locally maximal step semantics.

Among possible directions for future work, we single out two challenges. The
first is to investigate the relationship between the locality mapping and the
grouping of the places into clusters. The second is effective construction without
the locality mapping being given as input.
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